The variational iteration method (VIM) proposed by Ji-Huan He is a new analytical method for solving linear and nonlinear equations. In this paper, the variational iteration method has been applied in solving thorder fuzzy linear differential equations with fuzzy initial conditions. This method is illustrated by solving several examples. 
Introduction
The topic of fuzzy differential equations (FDEs) has been rapidly growing in recent years. The concept of the fuzzy derivative was first introduced by Chang and Zadeh [32] ; it was followed up by Dubois and Prade [16] , who used the extension principle in their approach. Other methods have been discussed by Puri and Ralescu [17] and * E-mail: jafari@umz.ac.ir † On leave of absence from Institute of Space Sciences, P.O.BOX, MAG-23, R 76900, Magurele-Bucharest, Romania Goetschel and Voxman [29] . Kandel and Byatt [1, 2] applied the concept of fuzzy differential equation (FDE) to the analysis of fuzzy dynamical problems. The FDE and the initial value problem (Cauchy problem) were rigorously treated by Kaleva [23, 24, 27] , Seikkala [31] , He and Yi [26] , Kloeden [28] and Menda [36] , and by other researchers (see [15, 19-22, 25, 35] ). The numerical methods for solving fuzzy differential equations were introduced in [30, 34] . Buckley and Feuring [18] equations. This method is preferable over numerical methods as it is free from rounding errors and requires neither large computer power nor a lot of memory. He [8, 9, 11] has applied this method for obtaining analytical solutions of autonomous ordinary differential equation, linear partial differential equations with variable coefficients and integro-differential equations. The VIM was successfully applied to the Burgers and coupled Burgers equations [3] ; to the Schrödinger-KdV, generalized KdV, and shallow water equations [4] ; and to the linear Helmholtz partial differential equation [5] . The linear and nonlinear wave equations, KdV, K(2,2), Burgers, and cubic Boussinesq equations have been solved by Wazwaz [13, 14] using the variational iteration method.
We set two goals for this paper. First, we aim to employ the VIM to effectively handle -th order fuzzy differential equations. Second, the study will be supported by numerical examples to confirm our belief in the effectiveness of the method.
Preliminaries
In this section the most basic notations used in fuzzy calculus are introduced. We start with defining a fuzzy number.
Definition 1.
A fuzzy number is a fuzzy set : 
Definition 2.
A fuzzy number is a pair ( ) of functions ( ), ( );0 ≤ ≤ 1 which satisfying the following requirements: 
The collection of all the fuzzy numbers with addition and multiplication as defined by Eqs. (1) and (2) is denoted by E 1 and is a convex cone. It can be shown that Eqs. (1) and (2) are equivalent to the addition and multiplication as defined by using the α-cut approach [16] and the extension principles [6] . We will next define the fuzzy function notation and a metric D in E 1 [16] .
Definition 3.
[33] For arbitrary fuzzy numbers = ( ) and = ( ) the quantity
(3) is the distance between and .
He's variational iteration method
To illustrate the basic concept of He's variational iteration method consider the following general nonlinear equation:
where , are linear and nonlinear operators, respectively, and ( ) is the source inhomogeneous term. He has modified the general Lagrange multiplier method to an iteration method known as correction functional. The basic character of the method is to construct a correction functional for the above equation, which reads as
where λ is a general Lagrange multiplier, which can be identified optimally via the variational theory. The subscript denotes the th approximation, and is a restricted variation i.e. δ = 0. It is to be noted that the Lagrange multiplier λ can be constant or a function.
First, it is required to determine the Lagrange multiplier λ that can be identified optimally via integration by parts and by using a restricted variation. It was found in [37, 38] that a general formula for λ for the −th order differential
can be proved to be of the form
Having determined the Lagrange multiplier, the successive approximations +1 will be calculated by using any initial function 0 . Consequently, the solution is obtained by taking the limit:
In other words, the corrections functional (5) will give a sequence of approximations and the exact solution is obtained at the limit of the successive approximations. In fact, the solution of problem (4) is considered as a fixed point of the following functional under a suitable choice of the initial term 0 ( ):
As a well-known powerful tool, we have:
(Banach's Fixed Point Theorem). Assume that X is a Banach space and A : X → X is a nonlinear mapping, and suppose that 
VIM for -th order FDE
Consider the following -th order fuzzy differential equa-
The correction functionals for Eqs. (10) read:
+1 ( ) = ( )
In view of (7) we obtain the Lagrange multipliers in the
It must be pointed out that if be a linear operator according to the Euler-Lagrange differential equations we can obtain the exact value of the Lagrange multipliers [37] . As a result, we obtain the following iteration formula
According to Banach's fixed point theorem, it is easy to obtain the convergence condition for the sequences obtained from (13).
Theorem 2.
Define a nonlinear mapping
A sufficient condition for convergence of the iterative sequences ( ) and ( ) obtained from (13) is strict contraction of the nonlinear mappings T and S . Furthermore, the sequence (13) converges to the fixed point of T and S which is also the solution of Eq. (10).
Therefore, according to (13) , by choosing an initial approximation (0) = ( 0 ( ) 0 ( )), the successive approximations of the solution to (10) can be obtained.
For a linear fuzzy differential equation, the exact solution can be obtained due to the fact that the Lagrange multiplier can be exactly identified [29, 37] .
Numerical results
To give a clear overview of the method and show the ability of the method, we present the following few examples.
Example 1.
[33]. Consider the following second-order linear fuzzy differential equation 
Taking the variation with respect to the independent variables and , and noticing that δN( (0)) = 0 δN( (0)) = 0:
Thus, we obtain the Euler-Lagrange equations
and the natural boundary conditions:
We, therefore, identify the Lagrange multiplier in the form
Substituting the identified Lagrange multiplier into (17) results in the following iteration formulation: Example 2. [33] . Consider the following second-order fuzzy linear differential equation
The exact solution is as follows:
To apply the VIM, first we rewrite Eq. (22) in the form
where the notations L = 
Substituting the identified Lagrange multiplier into (25) results in the following iteration formulation: ) + (7 − ), after 3 iterations we obtained approximate solutions: We compare our results with the numerical solutions from [33] in Tables 1 and 2 . 
Example 3.
Electrical circuit [33] , If Q is the charge on the capacitor at time > 0, then
To apply the VIM, first we rewrite Eq. (30) in the form
where the notations LQ = 
Taking the variation with respect to the independent variable Q Q, and noticing that δN( Q (0)) = 0 δN( Q (0)) = 0:
We, therefore, identify the Lagrange multiplier in the form Substituting the identified Lagrange multiplier into (32) results in the following iteration formulation:
With the choices Q 0 ( ) = 4 + + and Q 0 ( ) = We compare our results with the numerical solutions from [33] in Tables 3 and 4 .
Example 4. [39] . Consider the following fourth-order fuzzy linear dif-
with the exact fuzzy solution:
To apply the VIM, first we rewrite Eq. (37) in the form
According to algorithm given by Jafari and Alipoor [37] for finding λ in the VIM we have
By solving equations (41), the Lagrange multipliers can be identified as
, and the following variational iteration formula can be obtained: Remark. We find the exact solution after one iteration but Abbasbandy et al. [39] find approximate solutions after 10 iterations. The algorithm in [39] yields a system of 4 equations corresponding to Eq. (37), whereas according to the formulation in the present paper, Eq. (37) is equivalent to the one FDE only.
Conclusion
In this paper, a variational iteration method (VIM) has been successfully applied to finding solutions of -th order 
